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Abstract

We describe an implicit finite-difference scheme for solving the Vlasov-Fokker-Planck equation and Maxwell’s
equations in 2 spatial dimensions including, for the first time, self-consistent magnetic fields. These equations model the
coupled phenomena of magnetic field generation and magnetised electron transport in collisional plasmas, such as laser-
produced plasmas, in the non-relativistic limit. The kinetic description of the plasma enables the scheme to properly
describe these phenomena in the regime where the temperature and density scale lengths become comparable to the
transport mean-free-path. In addition to including the self-consistent magnetic field, other improvements over previous
Fokker—Planck codes have been made which result in a robust scheme that can work with a large time step. The scheme
employs Cartesian geometry and solves for the electromagnetic field components E,, £, and B.. Extension to all field
components and cylindrical geometry is possible.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Energy transport [1,2] is an important process in plasma physics which impacts on many areas including,
laser—plasmas, astrophysical plasmas, magnetic confinement fusion and Z-pinches. Magnetic field gener-
ation in plasmas [3-5] is another important phenomenon that is particularly relevant to laser—plasmas and
astrophysical plasmas. This paper concerns modelling of these processes in the area of laser—plasma in-
teractions, particularly in the contexts of the interaction of intense, short laser pulses with solid targets [6]
and inertial fusion energy [7] (which uses laser or particle beams to compress and heat plasma to achieve
fusion). Intense laser—solid interaction looks like a promising source of high energy, low emittance proton
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and ion beams, as well as high energy photons and neutrons [6]. Successful development of inertial fusion
energy (IFE) power generation schemes and laser—plasma-based sources of energetic particles requires a
proper understanding of energy transport including the effect of magnetic fields. To do this, the electron
Vlasov—Fokker—Planck equation and Maxwell’s equations need to be solved. Strong magnetic fields can
severely affect energy transport [1] while heating plasma can result in the production of magnetic field [5,8].
For example, non-parallel electron density and temperature (or pressure) gradients act as a source of B-
fields [4]; 0,B x —Vn, x VT.. In IFE this source can generate magnetic fields reaching ~1 MG [9] which is
strong enough to inhibit thermal transport. As mentioned above energy transport and magnetic field
generation are relevant elsewhere in plasma physics. For instance, the same B-field generation mechanism
(as above) is also considered to be a candidate for the 1072!-10"!7 G strength primordial, cosmic, seed B-
field that has subsequently been amplified (by a dynamo mechanism) to produce the pG strength magnetic
field observed in galaxies [10]. In this context, it is known as the Biermann battery [3]. Therefore, the scheme
described here may be relevant to other areas of plasma physics too.

Formulation of a model that can properly and accurately describe electron transport and magnetic field
generation under realistic laser—plasma conditions is a challenging task. This stems from the need to self-
consistently treat electrons with a range of collisionalities. Because the mean-free-path of an individual
electron scales as Amg, o< v* the motion of slow electrons is dominated by collisions. Conversely, fast elec-
trons are collisionless so that their motion is governed by electric fields which decelerate them and magnetic
fields which deflect their trajectories into curved orbits with a radius of curvature of r, = m.v/eB. Crucially,
the fields that deflect the fast, collisionless electrons are strongly affected by collisions [11,12]. A return
current of cold, collisional electrons j, must be drawn to approximately balance the current of fast electrons
jr with V - j, = —V - j; so that quasineutrality is maintained. It is the resistivity o of the cold electrons that
determines the electric field E ~ «j, and the degree to which the currents balance that determines the
magnetic field, V x B = p,(j. + j;)- When there are a significant number of energetic electrons possessing
long mean-free-paths that exceed the characteristic lengths Ly and L, over which the plasma temperature
and density vary the plasma becomes non-local because its evolution at a given point depends intimately on
the condition of plasma far away. Previously the Vlasov—Fokker—Planck (VFP) equation has been solved
numerically ignoring magnetic fields in 1-D (1 spatial dimension) [13,14] and 2-D [15,16] to address heat-
flow down steep temperature gradients in unmagnetised plasma. Under these conditions the classical, fluid
description of transport [1,2], which makes the local approximation, breaks down. They found that non-
local effects are responsible for thermal transport inhibition [13] and reduced lateral thermal smoothing
[15]. A 1-D code has previously been written to solve the VFP and Maxwell’s equations including magnetic
fields [17], but it cannot describe magnetic field generation by thermal sources or how B-fields affect heating
uniformity being 1-dimensional.

Until now, there has not been a fully kinetic 2-D model of electron transport with magnetic fields and B-
field generation that adequately treats the whole range of electron collisionality present under realistic
conditions. Previous 2-D models that include B-fields have fallen into three categories; (1) fluid codes, (2)
PIC or Vlasov codes, and (3) hybrid codes. Fluid codes [9,18-20] cannot describe non-local effects because
they utilise classical, transport theory, e.g. [1]. Strictly they are only valid for highly collisional plasmas
where 1 < L,,Ly, where the A is the average electron collisional mean-free-path and L, =n /|Vnl,
Ly = T/|VT|. Particle-in-cell (PIC) codes [21,22] and Vlasov codes [23] are fully kinetic and are ideally
suited to collisionless plasmas. Typically PIC codes tend to use explicit methods and consequently require a
time step small enough to resolve the fastest frequency present in the problem. They also suffer from the so
called ‘finite grid instability’ [22] whereby the plasma numerically heats up until the electron debye length is
resolved by the grid. These limitations mean that multidimensional, explicit, PIC cannot readily simulate
the low temperature, high density plasma created in laser—solid interactions. PIC codes utilising implicit
methods do exist [24]. Implicitness greatly relaxes the time step constraint and mitigates the effects of the
finite grid instability, so that lower temperatures and higher densities can be dealt with. One spatial
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dimension PIC codes with electron—ion collisions have successfully been applied to fast electron transport
through solid density plasma [12]. Two spatial dimension PIC codes with electron collisions also exist, both
explicit [25] and implicit [26]. Explicit 2-D PIC is unable to access conditions where collisions dominate for
the bulk of the electrons, though. Even though implicit methods overcome this particular problem, the PIC
method in general struggles to adequately resolve the distribution function in a given cell when a realistic
sized, 2-D problem is addressed. Statistical noise and under resolution of the electron distribution lead to an
inaccurate treatment of collisions and can overwhelm real physical effects present. Hybrid models [27-30]
have emerged which could be considered a cross between PIC and fluid codes. They treat high energy
electrons kinetically while the bulk of the electrons which make up the background through which the
energetic particles travel are simply described as a resistive fixed medium or fluid. They have been used to
investigate resistive inhibition of hot electron penetration through ‘gold foam’ (electron density of
ne = 1.3 x 10°! cm™3) in 1-D [27] and the propagation of laser-generated energetic electrons beams through
tens of microns of solid density plasma due to magnetic collimation in 2-D [29]. Enhanced fluid models with
separate fluids for hot and cold electrons [31,32] or a convolution treatment of transport fluxes (without
magnetic fields) [33] exist which provide a partial description of non-local transport. But neither hybrid
codes nor enhanced fluid models are fully kinetic. We note that many numerical schemes also exist [34-37]
which solve the Fokker—Planck equation alone without the Vlasov equation or Maxwell’s equations and
only consider the velocity dimensions of phase space. While these schemes accurately and efficiently de-
scribe relaxation and thermalisation of particles in a spatially uniform system, they are not able to model
transport (or B-field generation) since they ignore all spatial dimensions and the electric field.

Here, we described the first 2-D VFP code to self-consistently include magnetic fields. Consequently this
code has the unique capability of being able to model magnetic field generation and electron transport in
the presence of magnetic fields, fully kinetically and with an accurate treatment of collisions. It can
therefore access experimentally relevant regimes where existing models and codes are not valid or not well
suited. The code is called IMPACT which stands for ‘Implicit Magnetised Plasma and Collisional Trans-
port’. As well as being the first 2-D VFP code to self-consistently include magnetic fields IMPACT in-
corporates several other innovations. First, it treats the electric field implicitly as well as the electron
distribution function unlike previous VFP codes [13-17] which overcomes problems in maintaining
quasineutrality [16]. Second, it is the first 2-D VFP code to solve the full matrix equation that arises when
using implicit differencing. The benefit of this fully implicit approach is that it makes the code robust and
able to use large time steps well exceeding the characteristic collision time. The third innovation is retention
of electron inertia which can greatly reduce the computational effort needed to solve the implicit matrix
equation (see Section 5) as well as keeping physical effects which are normally discarded.

In comparison to other laser—plasma numerical schemes IMPACT is particularly suited to describing
non-local effects arising from collisional, thermal transport in the presence of steep temperature and
density gradients and magnetic fields. It also provides a good, non-local description of magnetized
transport in the non-relativistic background of electrons in the uniform, solid-density plasma scenario. In
both situations it is adept at modelling magnetic field generation by collisional and semi-collisional
mechanisms. Like previous 2-D VFP codes it currently uses the diffusive approximation (see Section 2.1)
which limits its ability to deal with strong anisotropy in the electron distribution. Therefore other
methods are better suited to modelling laser-absorption by collective, collisionless processes (i.e., PIC)
and transport of highly, collimated, beams of relativistic electrons through dense, uniform plasma
background (i.e., hybrid codes).

The rest of this paper proceeds as follows. In Section 2 the equations to be solved numerically are
given and explained. Section 3 covers the numerical scheme. Results from and descriptions of tests
carried out to verify the code are presented in Section 4. The implication of the test results, general
observations about the code and routes for improving it are discussed in Section 5. Finally, conclusions
are given in Section 6.
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2. The model and equations

In this section, we describe the system that is modelled, give the equations that need to be solved, state
the approximations used and discuss some important physical features and phenomena contained in the
model.

The goal is to calculate how the energy absorbed into a plasma from a short, intense, laser pulse is
transported away from the laser focus by the heated electrons in 2-D Cartesian geometry. The generation of
magnetic fields that is driven by the flow of energy away from the hot spot and the subsequent feedback of
these B-fields on the electron transport are also to be taken into account self-consistently. We assume the
plasma is stationary, the ions are cold (i.e., v; < v, Where v; and v, are the ion and electron thermal
speeds, respectively) and neglect hydrodynamic motion since we are interested in strong laser heating over
timescales short compared with either the hydro timescale or the thermalisation time between electrons and
ions. We also assume that the ionisation state of the plasma into which the absorption takes place does not
change in time, e.g., a fully ionised plasma. Though the ion density #;(x, y) and Z(x, y) are time independent,
they need not be uniform so that density ramps and different materials can be modelled.

In order to properly model transport of absorbed energy away from the laser focus under intense heating
(where 1 < Ly, L, is not valid) the full range of electron collisionality needs to be taken into account. We
therefore consider the electron Vlasov—Fokker—Planck equation

%—l—%vr —mi(E—Fv X B) -V, | f(v,r,t) = =V, - {f(v,r,0)(AV)} + IV, V, : {f(v,r,0)(AvAV)} (1)

together with Ampere’s and Faraday’s laws for a description of the magnetic field

V xB = puj, )

oB
VxE= 5 (3)
The left-hand side of (1) is the Vlasov equation which on its own would describe the collisionless evo-
lution of f'(v,r,¢) the electron, one-particle distribution function in the presence of the macroscopic electric
and magnetic fields E and B and spatial gradients in the electron density, temperature, pressure, etc. The
effect of both electron—electron (e—¢) and electron—ion (e—i) collisions on the evolution of f is represented by
the Fokker—Planck collision operator on the right-hand side. (Av) is the average velocity deflection due to
multiple, simultaneous, small angle Coulomb collisions for an ensemble of electrons moving with velocity v
and is known as the coefficient of dynamical friction. Similarly (AvAv) is known as the coefficient of dy-
namical diffusion since it describes how collisions tend to spread out the range of velocities of an ensemble
of electrons initially all moving at velocity v. Both (Av) and (AvAv) vary with position r and time z. The
reason for neglecting the displacement current (1/c?)0E/dt (where ¢ is the speed of light in vacuum) on the
right-hand side of Eq. (2) will be explained below.

2.1. Cartesian tensor expansion

Rather than directly dealing with the full distribution f(vy, v, v.,x,y,¢) we use a reduced velocity de-
scription

f(v7xayat)NfO(U7xayvt)+fl(Uax7yvt)'il' (4)

This is known as the diffusion approximation. This approach reduces the phase space for the distribution
from five dimensions (that is three velocity dimensions vy, v, v. and two configuration space dimensions x, )
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to three dimensions (|v,x,y) but splits the distribution into three parts f;, f,, and f,. We take f. = 0 here
(see Section 2.3). This reduction enables solution of the Vlasov—Fokker—Planck via a finite difference (FD)
scheme. The FD approach permits a more accurate treatment of collisions than would be afforded by a
particle-based scheme, the other main method of solving Eq. (1), which would be prone to statistical noise
and would struggle to adequately resolve the distribution. Classical transport theory makes the local ap-
proximation whereby f; the isotropic part of the distribution is assumed to be Maxwellian and has the form
v = ne/(2nkp T/ me)3/ 2 exp(—mv?/2kgT;). Setting fy = fu reduces the Vlasov—Fokker-Planck equation to
the well-known electron fluid equations for mass and energy continuity plus equations for mass flux
(momentum) and energy flux (heat flow). The momentum equation is often referred to as the generalised
Ohm’s law. No such restriction is made here so the kinetic equations for the evolution of the reduced
distribution (Eq. (10) and (11) below) must be solved. Eq. (4) is obtained by decomposing the distribution
function into a Cartesian tensor series in velocity [38]

f(V,l‘, t) = Zf‘p(v7r7 t) . (0)1) = +f0(17,l',t) +f1(U,l', I) -V 4+ fz(U,l'7t) VY A4 (5)
p

retaining only the leading 2 terms. This expansion is similar, but not identical, to a spherical harmonic
expansion in the velocity space angles 0 and ¢. In (5) f,(v,1,¢) is a pth-order tensor that is a function of
speed v only and v = zZcos 0 4 X sin 0 cos ¢ + ¥ sin 0sin ¢ is the velocity unit vector. The components of the
tensors (V)" = II,Vv serve as the set of orthogonal, angular, basis functions. Finally, : represents tensor
contraction over p indices. The justification for truncating after f; is that e—i collisions act to isotropise
‘angular detail’ in the electron velocity distribution (generated by temperature and density gradients, etc.)
thus the following ordering f; > |f;| > |f,| > - - - is expected to hold if L7, L, > A. In practice it is found that
the ' ~ fo + f1 approximation accurately yields physical, transport quantities like heat flow and electric
current even when f; ~ |f;] [14]. The isotropic part of the distribution f; defines the electron number density
and the energy density, n. and U,, respectively, in the following way:

(e t) = 4% [ folony. 00t de, (©)
0
|

Uulryt) =4 [ Smafo(e, 0 de, )
0

where U, = %nekBTe = %Pe and P, is the isotropic electron pressure. Similarly f; defines the transport fluxes;
the electron current density and total heat flow vector, j and q, respectively, as follows:

4 00
j(x7y7 t) = _¥ fl(Uax7ya t)U3 dl), (8)
0
4 [ 1

qT(xmya t) = ? ) Emevzfl(v,x,y, Z)U3 do. (9)

By inserting the expanded form of f into the VFP equation, multiplying by (¥)” and integrating over the
velocity angles 0 and ¢ a set of coupled equations for the evolution of the f, can be obtained [39]. The first
two of these are,

0
ﬁJrEV'fl

7e/meg ', 0 9fo
o 3 32 v

vee
(UZE~f1) :ﬁ& C(f())f()‘i’D( O)E ,

(10)
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%4- vV — @ % - —(B x f1) + g(f2) = —veif1 + Cee1 (f0,11), (11)
t m m

where v = YZ%n;In A /v’ is the e—i angular scattering frequency, v., = Y In A, and Y = 4n(e? J4meome)’.
In A and In A, are the Coulomb logarithms for e—i and e—e scattering. The Rosenbluth coefficients C(fj)
and D(f,) will be given below. We ignore the e—e collision term C in the equation for o,f; which is known
as the Lorentz approximation and is valid for high Z. Using the diffusion approximation, i.e., f, = 0 for
p > 1, means that the term

2e 0
Smev3 6_U<U3E )

2
g(fz) = gl)v ‘fz —

in Eq. (11) can be neglected and the equations for 0,f,, 0,f3, etc. need not be considered. By leaving out f,
effects due to electron viscosity and anisotropic electron pressure are neglected.

2.2. Normalisations

The scheme used involves normalising quantities with respect to characteristic values for a ‘reference
material’ with electron temperature Ty, ion number density #;y, ionisation number Z, and electron number
density ne = Zynj. Thus in particular, velocity/speed is normalised to the electron thermal speed corre-
sponding to Ty defined as v, = \/2kzTeo/me., time is normalised to the electron—ion 90° scattering time
T, = 03/ (YZ2ni In Lejo for a thermal electron moving through the reference material and length is normalised
to the thermal, e—i mean-free-path which is 4, = v,t,. The full set of normalisations is

. v ~ t - X
vV=—, t=—, X=—,
Uﬂ Tﬂ /L‘I‘I
aL = vnav; at = Tnata V= nV7
= b E_eE/me (o—eB/me
- 1 - _ b - _ )
P neou;3 InT2 7! (12)
_ Ue ii j El _ q
MU N0 env, MU o
- n - 7 . n
h=— ==, =_°
nio Zy Neo

All equations from now on will be written in terms of the quantities above hence tildes (~) will be dropped
for brevity. Any unnormalised equations/expressions will be pointed out. Where necessary, unnormalised
quantities (appearing in an otherwise normalised equation) will be denoted with a wide hat (e.g., Zo)

2.3. Equation set

The full set of equations that needs to be solved in 2-D with magnetic fields and stationary ions using the
normalisations above is

0 v 1 0

g-ﬁ-g -f; - Tg( QE'f1>=Ccc()—|—[‘17 (13)
of Z%n;

a—1+ oV fo — f“ wxflz—v—ffl, (14)
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10 o
Coms=s: et + o 2] (15)
C(o,r, 1) = 4n / ol r, i du, (16)
0
D(v,r,t) = 4% /Ovuz{ /uoofo(v’,r, t)v’dv’}du, (17)
1\, 1\’ 0K
V xo(r,t) = <50> i+ [(c) at]’ (18)
ow
VX E(r ) = -, (19)
4n [~ 3
i(r,t) = -3 f,(v,r, t)v’ do. (20)
0

In configuration space, these equations are solved on a two-dimensional, rectangular, Cartesian domain.
All quantities can vary in the x- and y-directions but are invariant in the z-direction, i.e., V = 9,X + 0,y. The
electric field and f, vectors lie in the x, y-plane, i.e., E=EX + E,y and f; = f,X + f,§, while the magnetic
field is oriented in the z-direction; B = B.(x, y, t)z. Consequently the electric current and heat flow vectors,
which are velocity moments of f;, also lie in the x, y-plane. Using this configuration of fields and plasma
temperature and density gradients, transport across the magnetic field and magnetic-field generation by
thermal sources, e.g., 0B o« —Vn x VT, can be addressed. In principle B, and/or B, could also be included
so long as care is taken that V - B = 0 (which is trivially satisfied for the above configuration) continues to
hold and E. and f, were included to. Arbitrary profiles can be specified for the electron number density
ne(x,y) = 4n [° fov? dv and ion number density n;(x, y) but are time independent because the displacement
current and hydrodynamics are neglected. Similarly the ionisation state can vary in x and y but is fixed in
time because ionisation dynamics is not considered.

The following things should be pointed out about Egs. (13)—(20):

e H in Eq. (13) is the laser heating term/operator. The form of this for inverse Bremsstrahlung heating is
given in [40].

. Z in Eq. (15) is left unnormalised (otherwise it would be unity!). B

e J. in Eq. (18) is the (normalised) collisionless skin depth and is given by o, = (¢/wye)/A, where
wf,e = nepe’ /meey is the electron plasma frequency.

o the speed of light ¢ in Eq. (18) has been normalised.

e We ignore the logarithmic factors In Ae(ne, T3) / In Ago and In A(Z, ne, ) / In Agj that appear in the e—e
and e—i collision terms in the fy and f; equations, respectively, when they are normalised. The main de-
pendence of the collision frequencies on Z, n and T, appear through the factor Z%n; in (14) and through
(15) and the variation with the logarithmic factors is negligible in comparison.

The normalised magnetic field appearing in (14), (18), and (19) is closely related to the Hall parameter
0T by 0,7 = (3y/n/4) ot/ (2% 1n Ay/In Agy) where o, = eB/m, is the electron gyro-frequency,
T = (3v/n/4)1,03/ (2% In Aei/ In Agp) is the local, distribution averaged e—i collision time, and &7 = /T / Tz
is the local, thermal velocity. Values of w,7 < 1 imply that a typical electron only completes a fraction of a
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Larmor orbit before undergoing a large deflection due to Coulomb collisions thus the magnetic field hardly
affects transport. w,7 > 1 signifies a high magnetisation.

We can safely neglect the displacement current in Ampere-Maxwell’s law (18) for the collisional and
semi-collisional phenomena (with characteristic length and timescales, L and ¢, satisfying 2 < L and 7 < 1)
that IMPACT is designed to address if we limit ourselves to non-relativistic electron temperatures, i.e.,
¢® > 1, and ensure that J. < 1. (The last requirement can in fact be relaxed slightly since time derivative
terms are smaller than the other terms by a factor of approximately 4/L). These two criteria together imply
that the electron plasma frequency exceeds the e—i collision frequency, so that over the resolvable time and
distance scales, electron plasma oscillations are easily able to respond and ensure that the plasma is
quasineutral with n, = Zn; holding to good approximation. Effects arising from the displacement current
occur too rapidly and too locally to be resolved and can safely be neglected on the length and timescales of
interest. Appropriate ranges of T,y and n can easily be deduced from

< 10320 I’le()/ 1 021 cm—31n /leiO
) (Teo/eV)?
At the low temperatures and/or high densities where J, >> 1 the Fokker—Planck treatment of collisions breaks

down anyway because the plasma is no longer ideal (i.c., the condition kinetic energy density > potential
energy density ceases to be satisfied) with only a small the number of electrons present in the Debye sphere.

(1)

3. The numerical scheme

In this section, we describe the implicit, finite difference scheme used to solve Egs. (13)—(20). This scheme
is conservative in terms of electron number density n.. The electric field, as well as f, and f;, is treated
implicitly unlike in previous VFP codes [13—17]. This feature and the inclusion of magnetic field make the
alternating-direction-implicit (ADI) approach used to solve the finite difference equations (FDEs) in pre-
vious 2-D VFP codes [16] unfeasible here. The addition of B-field gives rise to mixed, spatial partial-de-
rivatives which cannot easily be dealt with by ADI. We therefore solve the full matrix equation that arises
from implicit differencing of E, f;, and f;. Implicit treatment of both the electric field and the electron
distribution function, plus solution of the full matrix equation makes the code robust and able to use large
time steps, i.e., At >> T, To;. In contrast to previous 2-D VFP codes (without B-fields) [16] and 1-D VFP
codes with magnetic field [17], this scheme includes the electron inertia term which can dramatically reduce
the computational effort required to solve the matrix equation.

To begin with we describe how the equations are discretized in time, establishing which quantities in each
term are treated implicitly and discussing the iterative technique used to treat the nonlinear terms. This is
followed by the specification of the finite difference grid and the location of each quantity on the grid. We
then describe how each equation is differenced in the phase space (i.e., x,y,v) dimensions. The x and y
boundary conditions are then explained. Finally we explain how f is eliminated from the finite difference
version of the VFP equation, how the resulting VFP equation for f; and Ampere’s law are combined into a
sparse matrix and how f; and E are implicitly solved for from the sparse matrix equation.

3.1. Time discretisation

Eqgs. (13)—(20) are differenced in time so that f;, f; and E are treated implicitly while o is treated ex-
plicitly. The nonlinear terms in both the f, and f; Egs. (13) and (14) are dealt with via the method of
successive approximations whereby only one of desired quantities in a nonlinear term is made implicit and
the other quantities are treated in the FD scheme as a lagged, nonlinear, coefficient. This nonlinear iteration
is continued until the solution converges. In the nonlinear Vlasov terms that contain both E and f; (or f)),
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the electric field is chosen to be implicit while the electron distribution is treated as a lagged, nonlinear,
coefficient. This is different to previous VFP codes for electron transport in laser—plasmas which have either
treated these terms completely explicit [13] or chosen f'to be implicit there [15-17]. The Vlasov parts of the
VFP equation thus look like,

SR —Jfo 0 01,041 1 0 5t ently ntl
A VT g g BTN = (G HIT (22)
fn+l,l+l _ n . . fn+ll o . Zzl’li .
At Vf 41,141 E +1 U % f1+1,l+1 — _ U3 f1+l‘l+17 (23)

where index n denotes time, e.g., f; "1 = fy(t,+1), and the index / indicates the nonlinear iteration number.
Notice that the 0,f; term, representing electron inertial, is retained in (23). For the e-e Fokker—Planck
collision operator, Eq. (15), the Chang—Cooper scheme [41] is used. This differences f; in the ‘drag’ term and
0,/o in the ‘diffusion’ term implicitly while the Rosenbluth coefficients C(fy) and D(fp) (integral functions of
fo) are normally treated as lagged, nonlinear, coefficients. In cases where accuracy is not of prime im-
portance or the time step Az < 1 we sometimes treat the Rosenbluth coefficients explicitly thus saving
computational effort. The e—e collision operator looks like

1
Z() 1)2 60

n+1,/4+1
n+1, Iaf

Cn+1 _
v

eel

(f«o)nJrl J e+ + D(fb) (24)

Epperlein [42] has shown that linearisation of the e—e collision operator (followed by iteration) has some
advantages over the simpler method used here. It ensures that when C is appropriately differenced in v e—e
collisions exactly conserve energy even after only 1 nonlinear iteration rather than as / — oo as is the case
when using lagged nonlinear coefficients. Additionally the linearized method converges to the solution more
rapidly when large time steps are used (large means A¢ is many e—e collision times). The disadvantage is that
C(fo) and D(fy) need to be treated implicitly which complicates the scheme and greatly increases the density
of the sparse matrix. Because self-consistent addition of a B-field to a 2-D VFP code and the implicit
treatment of E are already complex tasks which gives rise to a large sparse matrix and because it was not
known a priori how well a 2-D VFP code with B-field would work with very large At, the simpler nonlinear
iteration technique was chosen.

The VFP equation is solved implicitly for f; and f; and E at the new time ¢,,; using the following current
constraint to ensure that the updated distribution yields a current that is consistent with Ampere’s law

4 00

jn+l4/+1 — _?TE / frll+l,l+lv3 do = 6§(V > wn). (25)
0

This current constraint together with the implicit treatment of E completely overcomes the problems in

maintaining quasineutrality [16] encountered with previous VFP codes. The last step in advancing the so-

lution to time ¢, is to update the magnetic field via Faraday’s law using the implicitly solved for electric field

il wn+l —o"
VxE"™" = (At ) (26)

It should be noted that when starting a time step the nonlinear iteration is initiated with / = 0 and that

20— frand £7710 = £7. Also note that E"™' does change as the nonlinear iteration proceeds even though
the ‘/ + 1’ superscript has been omitted. In the rest of this paper, the nonlinear iteration index will be
omitted for brevity and the implicitly differenced occurrences of f; and f; will just use ‘n + 1’ while lagged,

nonlinear, matrix coefficients will use ‘n«’ (rather than ‘n + 1, /°).
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3.2. The grid and placement of quantities

The equations are differenced over a volume of the x,y,v phase space defined by xpin <X < Xmax»
Yinin <V < Vmax and 0 < v < vpay. This computational domain is divided up into nx x ny x nv cells with nx
cells fitting across the grid in the x-direction, etc. This grid can be nonuniform, i.e., the cell widths can vary
across the domain in each direction. The nx cell widths in the x-direction are defined by Ax; for integer
i=1,...,nx, and similarly the y and v cell widths are Ay; and Auv, respectively. The nx + 1 x-coordinates of
the cell boundaries are denoted by x;.i/, for i=0,1,...,nx and include the edges of the computational
domain; x1/» = Xmin and X11/2 = Xmax. The nx x-coordinates of the cell centres x; fori = 1,. .., nx lie half way
between the adjacent cell boundaries. Finally the nx — 1 separations between cell centres (internal to the
domain) are Ax;;» = x;1 —x; where i = 1,...,nx — 1. The positions and separations of cell boundaries
and cell centres are similarly defined in the y- and v-directions. It is worth emphasising that the index
scheme adopted here is cell centre based. When implementing the boundary conditions ghost cells (external
to the domain) are used which have x-positions xo and x,,;,. Hence Ax;,, and Ax,.,, are also defined and
used. Boundary conditions will be discussed in more detail in Sections 3.5 and 3.7.

The simulation quantities are placed in the following way. Along the velocity direction of phase space
the scalar and vector distribution functions are located at cell centres. In the spatial dimensions, f; and ®
are placed at cell centres while both components of f|; and E are placed at the midpoints of each of the 4
edges which define the cell in the x—y-directions, as depicted in Fig. 1. It is worth defining a notation to
distinguish between points lying on the x-cell boundaries and those lying on y-cell boundaries. For example,
/f located on an x-cell boundary will be written as f,* while E, on a y-cell boundary is £} . The set of points
on the x and y-cell boundaries are defined by

rf(i:ixHLeryj, i=0,1,....nx, j=1,...,ny,
Yo r . : (27)
T =X+ Yy, i=1,....nx, j=0,1,... ny,

respectively. The spatial placement of the quantities as shown in Fig. 1 is chosen to enable formulation of a
conservative scheme and to ensure that electron momentum is accurately treated when B £ 0.

Having established the FD grid and placement of quantities we now define the full index notation that
will be used in writing the finite difference equations. The discrete values of the distribution function
components are written as

Ax;
i | v 1
:Ii,J ‘Eaf]
Yi+12 @ 4 L
1 H 1
X 1 X |
) G Foos Ir. . : E.f fo, ® E,f
R MEEE . WS SRS R S IO, S 1
I H 1
[ v . |
rl. : E.f
L j1 =>4
Yi-1n o ' =Q==
I 1
| - | -
(a) Xi-1n X; Xivrin (b) Xi1n X, Xiv1n2

Y

iy

Fig. 1. Example of a spatial cell showing (a) location of x and y-boundary points rf(/ and r
quantities.

and (b) placement of simulation
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(fo)?/k :ﬁ)(xivyj7vk;tn)7
(er)z/k (fr)prz/k f;(xi+%7ijvk’tn)v (28)
(er):l/k = (j;’)i,j+%k Srlx Xis Vil Uks b )s

where » = {x,y} is an index over the vector components. Similarly the full index notation for E and o is

w:’j = (,()(Xi,yj, tn)v

(B, = (B iy = B0 ), (29)
(Ery):j = (Er):,JJr% = Er<xiayj+%7 tn)-
The electric current and heat flow vector j and q are also located on x and y-boundaries and use the same

indexing scheme as E. Note that the two notations for cell boundary quantities, e.g., (E));, and (E,);

i+1/2,°
will both be used in the following.

3.3. The f, equation

The finite difference form for the rth component of the f; equation at location r?
denotes the cell boundary, is

where b = {X, Y}

i,j°

b
()i = [ D2 (Ot emge ) { v (V)" B @+ (/A (30)
={xa} ij
where
b.n T;c / 1+ 1 - (31)
.., =—F T, = —_—
ik =T b T (& TR ]

t(ve) = v} /(Z*n;) is the e—i scattering time, and J,, and ¢,. are the Kronecker delta function and Levi-
Civita symbol, respectively. y represents how magnetisation and collisions affect the ability of electrons of
ve1001ty vk at position r?, ;; to contribute to transport. Electron inertia appears through the term in Az in
(31). o "', the value of the B-field on the b-boundary, is obtained by linear interpolation from the ad-
jacent cell centres,

X _ _
Wiy = ;= (1=l )01y + 3104,

Y (32)

w;; = wl/+— (1 — Kt )w’ﬂrl + luj+ Wi
where p;1 = (xip1r —x;,1)/Ax; .y and w0 = (v1 — ;.1)/ Ay are the interpolation weights. Note that Eq.
(30) is obtained by eliminating @ x f’f“ between Eq. (14) and the equation @ x (14).

3.3.1. Differencing of 0,fy

The E0,f, term is of key importance in achieving overall momentum balance. It describes how the
electric field decelerates the energetic, flux carrying electrons that leave a small region of plasma and how it
also draws the return current of cold electrons to replace them. This return current in turn ensures that the
plasma stays quasineutral. We use either forward differencing or centred differencing for this term
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b,nx b,nx

(%) ! _ |:(f())k+l - (f())k:|

ov Avy i

b,nx

_ { (fO)kH _( O)kfl }
- b

i.j

Avipip +Aveypn |

or (33)

ij.k
(34)

where the value of f; at the b-boundary is obtained via the same linear interpolation procedure used to for
the B-field (i.e., (32) but with  replaced by fy). Because f; is not defined at velocity cell boundaries, (fj),.
and (fp),_, rather than (fo);,,, and (fo);_,/, are used in the centred case. It was originally anticipated that
forward differencing (33) would be more robust than centred (34). The rationale for this is that EQ,f; is a
dominant term for hot electrons which are decelerated by the electric field. The 0,/ term yields an advective
term when the f; and f; equations are combined, i.e., 0,f, x E%0,/y. Eq. (33) would then be consistent with
advection of these electrons towards v = 0 in an upwind manner which is low order but known to be stable.
In practice centred differencing (34) has proved to be as reliable as forward differencing (even for highly
nonlinear, non-equilibrium situations) and is O(Av?) accurate rather than O(Av). The implicit diffusion in v
arising from the FP collision term amongst other things is probably what renders the choice of differencing
for the 0,fy term unimportant for stability.

3.3.2. Differencing of Vfy

Both components of Vf; use centred differencing. (9,/y)" and (ayfo)y are approximated by 2-point
differences which are accurate to O(Ax?) and O(Ay?), respectively. (9,/,)" and (0./;)" use 4 points owing
for the need to linearly interpolate f; to the cell boundaries before taking the derivative and have a
truncation error of O(Ax* + Ay?). The equations for (V,f;)" are,

[(fO)Hl - (fo)i]j,k P {(fo)”l B (fb)j*l}i%‘k

X — p—

(Vafoliy = (Vafo)igs = ar Ax, o Ay + Ay (35)
v [(fo)jﬂ - (ﬁ))ji| ik [(fO)m - (fo)ifl}j%k

Vol =l = o0 gy A O T S R,

3.4. Vlasov part of the f, equation

The Vlasov terms in the f; equation are differenced in the following way:

LHS of (13) = [M}M +% {(f«%)ﬁ% ;x(l_ﬁ)i%}j’k . {(f}’)/”r% ;yify)j_%}i’k

At
1 av2f nx
—=— Em —/ . 36
3v; ,Z { ' < v >k :|Lj .

={xy}

n+1

The last term, the so-called Ohmic heating term, involves E and f, at the x—y cell centre. There is some
freedom in how FE, and f, are interpolated from the cell boundaries to the cell centre. Either (1) E, and f, at
the ‘left’ and ‘right’ x-cell boundaries and E, and f, at the ‘upper’ and ‘Tower’ y-cell boundaries can be
linearly interpolated to the cell centre, (2) the converse can be done; E, and f, at the y-cell boundaries and
E, and f, at the x-cell boundaries can be linearly interpolated to the cell centre, or (3) both (1) and (2) can be
combined. For instance the interpolation used in method (1) is given by
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(E)yy = {(BSd + B}
By =3 L Eh) i+ B, )

where the construction of the grid makes the necessary linear interpolation weights equal 1/2. In theory
method (2) complements how V x E is differenced in Faraday’s law (see Section 3.6) thereby ensuring
consistency between changes in magnetic energy and thermal energy in a cell. Since Ohmic heating typically
changes the electron temperature much more slowly than heat flow we find that the choice of interpolation
is not crucial.

(37)

3.4.1. Differencing of 9,(v’f,)
This term is differenced in the following way:

avzfr " U;%p( r)k+1 - Ui,%(fr)k "
= | . (38)
ov Lk Avy,

ij

Because f, is not defined at velocity cell boundaries, (f.),,, and (f;), rather than (f,), yand (fi)e y are used.
f, 1s displaced to higher velocity which provides consistency with the displacement of fo in the 0,fy term
when forward differenced. (Note that centred differencing of 0,fy is more recent than forward, and a
corresponding centre differenced version of the 9,(v*f) has yet to be implemented.) Notice that vk ) and v 1

rather than v, and v} are used though. The differencing in (38) ensures numerical conservation of electron
density as will be shown in Section 3.9 but does not enforce zero Ohmic heating when j = 0. We find that
the velocity differencing of 0,(v*f;) rather than the spatial interpolation of E - f; to the cell centre is the
dominant source of numerical error in this term and is the chief cause of energy non-conservation overall.

3.5. Fokker—Planck part of the f, equation

The e—e collision term in the f; equation is differenced using a scheme devised by Chang and Cooper [41]
together with a modification due to Langdon [42,43]. Two important properties of the e—e collision term (15)
are that it conserves electron number and energy densities. The Chang—Cooper differencing scheme conserves
numerical number density, while Langdon’s modification makes the scheme energy conservative too. The
Chang—Cooper scheme has widely been used before [13-17] since it is implicit and has the following desirable
properties in addition to density conservation; in the absence of rounding errors it ensures that (i) e—e collisions
relax fy exactly to a Maxwellian (in the absence of the perturbing flux f,) and (ii) f; remains positive for all v.
Ensuring f; relaxes accurately to fy is extremely important when considering magnetic field generation
otherwise spurious B-fields can be produced [8]. Negative f, would simply be unphysical.

Following Chang—Cooper and Langdon the e—e collision operator is differenced in conservative form in v
(at each spatial cell centre),

n 1 E(Jr% - F}(f% i
(CeeO),‘Ili = | — , (39)
Zyv; A, i
where F is a generalised flux located at the velocity cell boundaries and is given by
n+l n+1
n % n 1% - f
F; /+kl+1 = {Ck+%(_f0)kill + Dk""w ] (40)
Uyl y
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Obtaining F requires that f, be implicitly known on the velocity cell boundaries. A key step of the Chang—
Cooper scheme is the interpolation of £, from velocity cell centres to velocity cell boundaries using special
‘equilibrium seeking’ weights J, 4

Vo)t = (1= S DU + Ui, (41)
1 1
Op1 = — , 42
k+2 VVk+% exp(VVk+%) _ 1 ( )
Wy = Avk+'< k+1/ k+‘) (43)
The coefficient of dynamic friction in differenced form is simply
k+1 =4n Z(fo vl Av;. (44)

Langdon’s modification, which allows e—e collisions to numerically conserve energy, involves differ-
encing D the coefficient of dynamic diffusion in the form given in Eq. (17) rather than the (analytically but
not numerically) equivalent form D = (4n/3)[v™" [J fo(u)u*du + v* [ fo(u)udu] normally found in the
literature. In conservative difference form D is

nv—1

VEd 47‘( nx *
Dk+2 o Zv?{Z(fo)m+;vm+éAvm+%}Av, (k=1,...,n0—1),

K+ =1 m=1[

Dy, =0, =0, (45)

nLH—l

where v* il = = (Uys1 — Uy)/2 is slightly different from the cell boundary definition given in Section 3.2 which

is v, = S Ay
In the finite difference approximation the electron number and energy densities are defined by

nv

(”e)i,j =4n Z(fO)i,j,kUZAUk> (46)
k=1
4 4
(UE)i,j ) Z(.fo)i,j«,kvavk' (47)
k=1

Insisting that the generalised flux vanishes at v;/, and v, b the boundaries of the velocity domain, im-
mediately implies numerical conservation of electron density. Vanishing of the flux in turn imposes
boundary conditions in the v-direction; Ci, =0, Dip =0, (fi),, o= 0 (which needs (fy),,., =0 and
O = 0)and D,, = 0. Proof that the scheme conserves energy density is too involved to give here and the
reader is referred to [42,43] for further details.

Operators for collisional laser heating can be incorporated in the Fokker—Planck e—e collision term. We
use the inverse Bremsstrahlung operator derived in [40] which tends to distort f; away from Maxwellian,
flattening it out in the vicinity of v = 0. Heating operators can be spliced seamlessly into the existing dif-
ference formulation for (Ceeo),”;r,i as described in [16]. We also use a variation on inverse Bremsstrahlung
which adds a contribution of Dyv? onto the Rosenbluth diffusion coefficient (45). In the absence of transport
(i.e., no spatial gradients or electric field) this operator increases the electron temperature at a rate
0,T. = 3Dy/ Zy, keeping f, nearly Maxwellian all the while.



R.J. Kingham, A.R. Bell | Journal of Computational Physics 194 (2004) 1-34 15

3.6. Maxwell's equations and the current constraint

In the finite difference approximation, the electric current is defined as

. 47_c nv
il = -3 2,0 (48)
k=1

In difference form the »th component of Ampere’s law at x—y cell boundary point rf ;s

n

(Vx0)l] = (Vo) = - Zcf:’ )i 4ot Av, (49)

ij

where the components of the gradient of w at the cell boundary, (V, w) are given by (35) with f, replaced

by w. Note that ij’)f;’,: is related to E, f; and w through (30). This ‘current constraint’ ensures that the

implicitly obtained f/*'

exactly yields the current at time ¢,. This equation effectively serves as an Ohm’s law
since it is responsible for relating E, j and gradients in density and pressure together in a way that yields the
correct momentum balance in the presence of a magnetic field. On a uniform spatial grid it can be shown

that erqz(qu)fJ = (j2), /0 ensures that

(J.X)H% (]'x),-,% V_H—l ) o n+1
Wlm’;l:{ _+Ax }’ +{( & +A§;]) } =0 (50)

(where Ax and Ay can be different) so that 9,n. = 0 exactly. On a non-uniform grid V -j # 0 is possible.
Faraday’s law in difference form is

{ort! — "}, (Ex)j+% — (£, . {<Ey)"+% B (Ey)’.f%}:lﬂ
A :{ Ay, } - Ay v

3.7. Spatial boundary conditions

Reflective, periodic, and fixed boundary conditions are implemented in the code and can independently
be used in the x- and y-directions. Periodic boundary conditions are implemented in the normal way and
ensure that, e.g., E[, = E| __. With fixed boundary conditions, fo(v) and o are specified in each of the
ghost cells just outside the relevant boundary rather than being treated implicitly. Two variations of re-
flective boundary conditions can be used. In both cases the gradients of the scalar quantities fy, #; and Z
across the boundary are zero, i.e., § - Vfy = 0, where § is the unit vector normal to boundary. The difference
lies in how the magnetic field is treated and whether fluxes are allowed across the domain boundaries. In
one case the B-field is zero on the boundary and all components of fluxes and the E-field component normal
to the boundary vanish. Fluxes and a component of the E-field along the boundary are possible though. Of
course there can be a B-field gradient across the boundary generated by the current flowing along it. In the
second case, there is no B-field gradient across the boundary and no current along the boundary but fluxes
and an E-field component normal to the boundary are now possible. Note that while the current is re-
stricted to being normal to the boundary E, q and f,(v) are free to cross it at any angle in this case.

3.8. Formation and solution of the sparse matrix

The finite difference equations which are solved together in order to obtain the implicitly differenced
quantities f7!, f’l’“ and E""! are (30), (36), (39), and (49). Solution of these equations is achieved by



16 R.J. Kingham, A.R. Bell | Journal of Computational Physics 194 (2004) 1-34

forming a sparse matrix from the equations and then using a matrix solver. In order to reduce the di-
mension of this sparse matrix f’l’+1 is eliminated from the set of equations by substituting Eq. (30) into (36),
the Vlasov part of the fy FDE, and (49) the current constraint (Amperes law). After elimination of f’l'+1 the
VFEP equation for the evolution of f; at point x;, y;, v in phase space, in a compact matrix coefficient form,
is

Gp‘q‘s(xivyjy Uk)fO(xi+pay/+qa Vk+ts, tn+1) + I_[r',b,nz,n(xiay/7 vk)Ef(xi+may/+na tn+1) = C(xivij Uk)7 (52)

where p,q,s = {—1,0,1} and m,n = {—1,0} are finite difference offsets and r, b = {x,y}. Summation over
the indices p, q,s and m, n is implied in (52). Similarly the current constraint for j,. at rf’ ; becomes

Mcd«f(rvbvxivyj)ﬁ)(xi+67yj+da Uy, tn+1) +Ng(rabaxivyj)Eg(xlvijtn+1) = D(rabaxivyj)a (53)

where ¢,d = {—1,0, 1} are finite difference offsets, s = {1, ...,nv} effects integration over v and g = {x, y},
and where summation over ¢, d, s, g is implied. Note that the matrix coefficients G, H, M and N vary with
position on the grid. M and N also vary with vector component r. Also some elements of G, H and M are
always zero; G, .1 =0forp#0and ¢ #0, H,xm-1 =H,y_1,=0and M_,_;;, = 0.

Together (52) and (53) form a set of nd linear algebraic equations for the nd unknowns f;(x;, y;, vk, tat1)
and E”(x;,y;,t,41), where nd = nc + 2 x [2(nx x ny) + nx + ny] and nc = nx x ny x nv. Each of these linear
algebraic equations forms one row of the matrix equation. Symbolically, this matrix equation can be
written as A” - x"*! = B”, where x"*! is the vector of nd unknowns to be solved for. A realisation of this
sparse matrix when nx X ny x nv = 4 x 4 x 4 is shown in Fig. 2.

The diagonal elements of the matrix A" are Gogo(x;,y;,0) for i ={0,...,nx}, j={1,...,ny} and
k={1,...,nv}, and N,(r,b,x;,y;). The defined ranges of /' and ;' for b = {X, Y} were given in (27). By
eliminating f’l’Jrl the dimension of the sparse matrix is reduced from approximately 5 x nc while the total
number of non-zero matrix elements decreases from approximately 51 x nc to 43 x nc. In fact the element
count of the unreduced sparse matrix would rise to 55 x nc if the Ohmic heating term in the f; FDE were to
use the value of (E,)""' on all 4 cell boundaries when obtaining the E-field at the cell centre.

Solution of the resulting non-symmetric sparse matrix equation A™ - x"*! = B" for x"*! is achieved
using the bi-conjugate gradient stabilised method [44] with Jacobi preconditioning (also known as diag-
onal preconditioning). The bi-conjugate gradient stabilised method (Bi-CGSTAB) is an iterative matrix
solver. The ‘normal’ bi-conjugate gradient method (Bi-CG) [45] has also been tried but typically takes
three times more iterations than Bi-CGSTAB to converge for a given matrix that arises in this numerical
scheme. Once f;'*' and (Ef)”+1 have been obtained by solving the matrix equation f’f“ has to be cal-
culated using Eq. (30) in order to proceed with the next nonlinear iteration. This is because it appears in
the lagged, nonlinear coefficient in the Ohmic heating term (see Eq. (13)) and is thus part of the matrix
A™. The nonlinear iteration is continued until the absolute fractional change in |x| drops below a
specified tolerance. The final step required to advance the solution from ¢, to ¢,.; is to update the
magnetic field using Faraday’s law (51). It should be noted that IMPACT uses double precision floating
point arithmetic (i.e., 64 bit) throughout.

3.9. Conservation properties

Mass and total energy (thermal + magnetic) are the quantities conserved by Eqgs. (13)—(20) used by the
model. Electron momentum is not conserved but total momentum (electrons + ions + electro-magnetic)
would be conserved if ion-motion and the displacement current were included in the model. The continuity
equations for mass and total energy (in normalised form) are

omn. —V-j=0, (54)
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Fig. 2. Sparse matrix for nx x ny x nv = 4 x 4 x 4 with periodic spatial boundary conditions. Rows/columns corresponding to (ﬁ]);lj_,\l,

appear first followed by (E?), - The phase space is unravelled in the following order (fastest to slowest varying dimension); v, y, x. For £
the ordering of the indices/dimensions across the matrix is (fastest to slowest varying); r (vector component), y, b (cell boundary), x.

(U +Up)+V-{qr +S} =0, (55)

where U = /257 is the magnetic energy density and S = (E x @)/’ is the Poynting flux. Eqgs. (54) and
(55) are obtained by taking number density and energy moments of the f; equation. The Ohmic heating
term in the resulting energy equation 0,U, + V - qr = E - j is then converted to E-j= —(0,Uz + V - S) by
using Ampere’s law and Faraday’s law. Note that the Ohmic heating term is responsible for conversion of
electro-magnetic energy into internal/thermal energy of the electrons (and vice versa). Also, the electric field
energy density does not appear in (55) because the displacement current is neglected. Eqgs. (54) and (55)
show that mass and total energy are conserved in a closed system. Furthermore, because j x V x @ the
electron number density never changes.

The numerical scheme ensures conservation of mass. It also ensures that the number density remains
static when a uniform spatial grid is used. Energy is not exactly conserved though due to the differencing of
the Ohmic heating term in the f; equation. Numerical conservation of mass can be seen by taking the FD
number density moment/sum, defined by Eq. (46), of the differenced Vlasov equation (36) and Fokker—
Planck e—e collision term (39) for f, which yields

nrH»l —n; o\ 71 4TE n N /e 4TC ntl
[T} — (V- ]),—jl - ?EJ] ’ [U%/z(ﬁ h— Uiv%(fl )nv+1] - 7 {F””*% - Fl/z} . (56)
iy

i 37 i
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Since vy2, (f})pos1> F1/2, and F, ! all equal zero, the Ohmic heating and Fokker—Planck terms individually
sum to zero and the numerical equivalent of (54) is recovered which conserves total mass in the compu-
tational domain. The reason why the scheme does not exactly conserve energy can be seen by taking the FD
energy sum (defined by (47)) of the fy equation. This does not quite yield the discrete analogue of
0,U, 4+ V -qr = E-j. While the terms 0,U, and V - q; are recovered, and the numerical Fokker—Planck
collision term vanishes [42,43] the Ohmic heating term is not exactly obtained. Doing the energy summation
over (1/3v%)0,(v*f,) followed by rearrangement of the terms (in a way analogous to integration by parts)
yields (j,)" = (—4n/3) Zi‘ll(ﬁ)k+l(vzv*Av)k+%, where v; | = (k41 + v¢)/2. This is not quite the same as
(y) = —(4r/3) S0 (frv*Av),, the ‘real’ numerical current which the scheme ensures equals 5.V x @, and
thus (j.)" does not necessarily vanish when V x @ = 0.

4. Tests

IMPACT has been comprehensively tested to make sure that it correctly recovers phenomena and effects
that are known to be described by the equation set (13)—(20). Testing the code is challenging because, in
general, analytical solution of the whole equation set is impossible. Most of if not all of the effects that are
quantitatively understood and are therefore suitable for testing against make simplifications/assumptions
somewhere in their derivation. The tests shown below in Sections 4.1-4.3 compare the code against classical
transport which is valid in the local/fluid limit since it assumes f; = fu. We have developed one test, de-
scribed in Section 4.4, which tests transport and magnetic field generation beyond the classical limit and
works while f; is mildly non-Maxwellian. No fully kinetic theory of transport in a collisional magnetised
plasma which applies when f; is strongly non-Maxwellian exists yet. Understanding what happens in this
regime is a prime reason for developing IMPACT. A table of CPU times, memory usage, and the average
number of nonlinear iterations required per time step, for representative runs from each test, can be found
in Section 4.6.

4.1. Reproducing classical transport

We consider the electric field and heat flux generated by gentle temperature and density gradients (with
Ly, L, > 7)in the presence of a strong magnetic field. We show that in this limit (i.e., Ly, L, > 1) the electric
field and heat flux obtained from IMPACT agree with those predicted from the well-known classical,
electron transport equations of Braginskii [1],

P. jxB

E- Y 1xB gL, (57)
nee nee

q=-x-VI.-TB-j, (58)

where a, f and k are the electrical resistivity, thermoelectric and thermal conductivity tensors, respectively.
These transport coefficients appearing in Ohms law (57) and the heat flow equation (58) are tensor (rather
than scalar) quantities because the transport fluxes (e.g., q, j) are not parallel to the driving forces (e.g., VT,
VP., E) when a magnetic field is present. For instance in the 2-D geometry adopted here with a perpen-
dicular B-field the heat flow driven by a temperature gradient is the sum of two parts, q = —k - VT, =
—k, VT, — kb x VT, one part directed down the temperature gradient and one directed perpendicular to
direction of V7, and magnetic field line (b denotes the B-field direction) which is known as the Righi-Leduc
heat flow. In classical transport theory, calculation of a, f and x is achieved using the local approximation
whereby fo = fu. IMPACT on the other hand dispenses with this approximation so we have to make sure
that fy does not deviate too far from Maxwellian in order to make a meaningful comparison with classical
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transport theory. For this reason f; is initialised as a Maxwellian (with the required temperature and
density) at each point on the grid. Then, by using a large domain, keeping the perturbations of 7', n and Z
small in amplitude and evolving the system for a short time we ensure that f, = fy to very good
approximation.

The test system has a size of x; x y; = 5000 x 5000 (in normalised units) where x; = Xy — Xmin 18 the x-
length, etc. It is initialised with the following temperature, density, ionisation number and magnetic field
profiles which are depicted in Fig. 3; 67(x,y) = 0.0005[cos(k.x) + cos(k,y)], on(x,y) = 0.0005[cos(k.x)+
cos(k,{y — 5000})], 0Z(x,y) = 0.02[cos(k.{x — 5000}) + cos(k,y)] and w(x,y) = 0.1cos(k.{x —2500}) cos
(k,{y —2500}), where k, = n/x; and k, = n/y;. Note that w ~ 0.1 corresponds to quite strong magnetisa-
tion. Reflective boundary conditions with @ = 0 on the boundary, Z; = 10, . = 1, vy = 8 and forward
differencing of EO,f, are used. The inertial term 0,f; is switched off so that comparison with (57) and (58)
can be made but e—e collisions are turned on. Fig. 4 shows the electric field, total heat flow, electric current
and error in the E-field at the x-cell-boundaries after a single time step of Az = 0.1, when nx = ny = 48 and
Av = 1/100. The total heat flow q; includes transport of thermal energy by the drift of electrons and is
related to the intrinsic heat flow q by g = q — j[(5/2)pl + I]/n — j;2/(2n*) [46]. While the electric current is
equal to V x @ and is 90° rotationally symmetric about (x,y) = (2500, 2500), this is not quite true for q
and E due to their dependence on 7', n and Z (partly through the transport coefficients). Both the heat flow
and the electric field are dominated by terms involving j, though the pressure and temperature gradient
terms do contribute as well. Cross-field effects are not negligible and give rise to the ‘outward swirling’
behaviour of q; and particularly E. For example, a,(j ¥ B) and j x B are responsible for the cross-field
effects in the case of E. The reason why the error in the E-field (Fig. 4(d)) is closely reminiscent of the E-field
itself is that the code slightly overestimates the electrical resistivity (and the j x B term too). Note that j
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Fig. 3. Profiles for classical transport test. (a) 67, (b) dne, (c) 6Z and (d) magnetic field profile. Dashed contours denote negative iso-
value. All quantities are in normalised units given in Eq. (12).
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Fig. 4. Profiles of (a) electric field, (b) total heat flow, (c) electric current, and (d) error in the E-field from IMPACT at the x-cell
boundaries at ¢ = At = 0.5. The E-field error shown is defined as (Ej|.oqc — Ejlun )/ (|Elun )ms- Contours represent the magnitude of the
field while arrows denote its direction. Contours are plotted in steps of 2.5 x 107, 2.5 x 10>, 10>, and 5 x 103 for E, qy, j, and E,,.,
respectively.

itself is accurately obtained by virtue of the current contraint; /¥ and jf are correct to 0.12% and 0.018%,
respectively. These errors solely arise from the FD approximation to the curl operator (see Sections 3.3.2
and 3.6) which is why ]f o —(8,)" (a 2 point difference) is more accurate than /¥ o (3,w)" (a 4 point
difference). In a similar way ;! is more accurate than ;). IMPACT gets the values of £ and E7 correct to
within 1.5% while the error in ¢¥ and qf is 0.4% and 0.3%, respectively, for this test case. The accuracy of E
and qr at the y-cell boundary is virtually identical (but not precisely the same since the system is not 90°
rotationally invariant). As well as demonstrating that IMPACT can accurately recover classical transport
the results also show the ability of the code to resolve small perturbations. The quoted error values are root-
mean-square (rms) differences between the code and analytical values as a percentage of the rms analytical
values (calculated using Eq. (57) and (58) ), e.g., error = (E| 4o — Exlun )/ (Ex|,, ) Where (- --) denotes rms
averaging over all the (nx 4+ 1) x ny x-cell boundaries in the domain. All the errors vary smoothly over the
domain and almost vanish in places, so that the maximum error anywhere never exceeds about twice the
rms error. In order to reveal such good agreement, the analytical values themselves have to be carefully
calculated. We numerically calculate the transport coefficients (in the Lorentz limit) using the formulae of
Epperlein and Haines [46,47] rather than using ‘standard’ polynomial fits for «, , 5, , etc., which can be over
10% out at the magnetic-field strength present in this test.

We have also investigated how IMPACT converges to the classical result as Av and Ax are varied. Fig. 5
shows how the E-field and heat flow components from IMPACT converge to the classical values as the
velocity resolution is increased at fixed spatial resolution (nx = ny = 24). E, and E, converge as Av until
high resolution is reached when E, starts converging quicker. Scaling of the error with Av is consistent with
the use of forward differencing in the EO,f, term in the f; equation. ¢, and ¢, converge more slowly than Av
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Fig. 5. Convergence of EY, Ef , ¢¢ and qf (+, %, O, and O symbols, respectively) calculated by IMPACT to the classical transport
values as Av is reduced. The errors shown are root-mean-square (rms) differences between the code and analytical values as a per-

centage of the rms analytical values, e.g., error = (Ex|, 4 — Ex|un )/ (Ex|a) Where (- - -) denotes rms averaging over all the (nx + 1) x ny
x-cell boundaries in the domain. The code values are calculated using nx = ny = 24 and vy, = 8.

and the final errors appear to tend to about 0.5% and 0.1% at this spatial resolution. Fig. 6 shows how the
errors vary with 1/nx oc Ax (with Ax = Ay) when Av = 0.01. The errors initially scale as Ax?> which is
consistent with spatial differencing used in the f; equations which is centred and therefore second-order
accurate in As when the x and y cell widths are uniform. The errors in £, and E, show evidence of mini-
mizing at around nx = ny = 10, which suggests that the overall error in E is in fact a function of Av and Ax,

Ioglo(%err)

loglo(l/nx)

Fig. 6. Convergence of EY, Ef , ¢f and qf( (+, x, O, and O symbols, respectively) calculated by IMPACT to the classical transport
values as Ax is reduced when Av = 0.01. Definition of the percentage error is given in Fig. 5.
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Ay. For the system considered here Fig. 6 demonstrates that decreasing Ax below ~x;/10 without also
decreasing Av is detrimental to the accuracy of E, and E,. It should be noted that the local truncation-error
function depends on the local shape of the T, n., Z and w profiles. Therefore, the optimal way in which to
decrease Av and Ax so as to give the best overall error reduction for all quantities at all places would be
difficult, in general.

The dependence of the error on Ax can be removed by calculating the classical values of E and q using
finite difference approximations for the derivatives VT, VP, and j = V X @ in Ohm’s law and the heat flow
equations. As well as handling derivatives in the same way that IMPACT does, i.e., using (35), the transport
coefficients are calculated using values of w, T, n, and Z’»; that have been linearly interpolated from cell-
centres to cell-boundaries (as the code does). When using centred velocity differencing for E0,f, and re-
moving the spatial discretisation error we find that the remaining numerical error scales exactly as Av* as
can be seen in Fig. 7(a). Additionally, all quantities have very similar errors. This should be compared to
Fig. 7(b) where the spatial discretisation error has not been removed. Note that removal of the spatial
discretisation error when using forward velocity differencing results in the numerical error scaling exactly as
Av.

4.2. Vn, x VT, B-field generation

There is a well-known mechanism [3,4] that can spontaneously generate magnetic fields in plasma from
non-collinear temperature and density gradients; 0, = —(Vn, x VT.)/n.. It is important to test IMPACT’s
ability to model B-field generation as this effect was not accessible to previous VFP codes.

The system for testing Vn. x VT, magnetic field generation has the following parameters: a size of
x; x yr = 500 x 500, a spatial cell size of Ax = Ay = 20, a velocity resolution of (a) Av = 0.1 or (b) Av = 0.02
(with v = 8 in both cases), . = 1073 to keep B-field diffusion to a minimum, and Ar = 5.0. Z, = 0.1 is
used to boost e—e collisions so that f; does not deviate too far from Maxwellian as transport occurs. This
keeps IMPACT in the ‘local’ regime so that meaningful comparison can be made against Vn, x VT, B-field
generation which is a ‘local’ mechanism that assumes f, = fy. The system is initialised with o =0,
0T, = 0.01 cos(k,x) and on. = on; = 0.01 cos(k,y), where k, = m/x; and k, = n/y,. Reflective boundary
conditions with @ =0 and forward velocity differencing for the EO,f; term are used. We find that
Vn, x VT, B-field generation does indeed occur and the resulting magnetic field at ¢+ = 2500 is shown in
Fig. 8(a). The profile of this field has a sin(k.x) sin(k,y) shape which is in agreement with the prediction of
the Vn, x VT, mechanism for the temperature and density gradients present. The electric field, total heat
flow and electric current at time ¢ = 2500 are shown in Figs. 8(b)—(d). The peak growth rate obtained in the
simulations compares well with the analytical result as can be seen in Fig. 9. The code gets the initial growth
rate to within about 8% and 1% for the Av = 0.1 and Av = 0.02 runs, respectively, at the start. The sub-
sequent gradual decrease in the growth rate is due to the decay of the temperature perturbation that drives
that B-field source. The density perturbation on the other hand is found to remain fixed which is in
agreement with the expected behaviour of the numerical scheme.

4.3. B-field resistive diffusion and Ohmic heating

Resistive diffusion of the magnetic field and Ohmic heating of the plasma by currents are related phe-
nomena. The dissipative losses that cause the B-field to diffuse transfer energy from the magnetic field to the
thermal energy of the plasma so that (in the absence of the displacement current), the total energy
Wr = [(U, + ?/257)d’x in a closed system does not change. The equations for resistive diffusion of
magnetic field and Ohmic heating are (in normalised form) &= —0.V x (2, V x ®) and
Udopn = E-§= 0.2 = .67V x o’
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Fig. 7. Reduction of % error in fields calculated by IMPACT with Av when central differencing (rather than forward differencing) is
used for the E90,f; term. (a) With and (b) without removal of the error contribution from spatial discretisation (see text for detail on
how removal is achieved). The code values are calculated using nx = ny = 24 and vy, = 8. See Fig. 5 for meaning of symbols.

We use the following setup to test the code on these effects: x; = 600 and Ax =20 (a 1-D system)
Umax = 8, 0. = 5 to promote diffusion and heating, Z, = 10, and A¢r = 0.5. The initial magnetic field profile is
o(x) = 0.1 sin(k,x) with k, = n/x; while the temperature and density profiles are uniform at z = 0. Under
these conditions the magnetic field initially accounts for about 8% of the total energy. Reflective boundary
conditions with w = 0 at the edges are employed and the Rosenbluth coefficients are recalculated for each
nonlinear iteration. Fig. 10 shows how the magnetic-field energy (solid line, without symbols) decreases
with time. Total energy is not quite conserved but gradually decreases with time as shown. For Av = 0.1,
the Ohmic heating is about 9% lower than it should be which is why energy is being lost from the system.
Increasing the velocity resolution results in a linear reduction of the Ohmic heating error with Av as can
clearly be seen by the downwards vertical shift of the ‘total energy loss’ curves. This is consistent with the
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Fig. 8. (a) Vn, x VT, generated magnetic field at = 2500. The corresponding electric field, total heat flow vector and electric current
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Fig. 9. Comparison of the peak Vn, x VT, B-field growth rate 0, as calculated by IMPACT using Av = 0.1 and Av = 0.02 (x and O,
respectively) with the analytical, classical growth rate (solid curve). Decay of the temperature gradient due to thermal conduction is not
taken into account in the analytical value of .
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Fig. 10. Percentage reduction in magnetic energy, i.e., Wg|,_, — Ws(¢), due to resistive diffusion (black curve) and percentage decrease in
total energy, i.e., Wr|,_, — Wr(t), for Av =1/10,1/40,1/160 (+, %, and O, respectively).

forward velocity differencing used in the E - 0,(v*f;) term in the f; equation. The accuracy of Ohmic heating
is found to be similar in 2-D.

To test magnetic-field diffusion in 2-D we use a reduced initial B-field amplitude of wy = 103, but keep
the same domain size and mesh sizes; Ax = Ay = 20, Av = 0.1. Though B-field diffusion occurs in the Ohmic
heating test system above where wy, = 0.1, it is nonlinear because the diffusion coefficient 530( 1 depends on w
and varies significantly with position and time for this larger magnetisation. The B-field diffusion equation
would itself have to be solved numerically in order to obtain an accurate benchmark to compare IMPACT
against. Instead we opt for wy = 10~ which makes the diffusion linear allowing the benchmark result to be
readily obtained; w(r) = w(t = 0) exp(—1/7.), where 7. = [(k? —&—kyz)éioc 1]7" and the resistivity equals the
unmagnetised value of oy = /n/8 to within 0.004%. The decay of the B-field is followed for about 2e-
foldings. As shown in Fig. 11 the B-field decay from IMPACT (dashed line) is almost the same as the
analytical result (solid line) when centred differencing of the EO,f, term is used. In this case, the code value
for the decay time 7. is 1.7% larger than the analytical value of 2532.8 . With forward differencing (dotted-
dashed line) the decay occurs more quickly than the ideal result and 7. is about 15% smaller than the
analytical value. This larger error in 7. occurs because o, is not obtained as accurately. In both cases
At=5,7Zy=1, and 5§ = 20 are used and the Rosenbluth coefficients are updated for each inner/nonlinear
iteration. The Ohmic heating error for these runs is again about 8% and not quite all of the magnetic field
energy is transferred to the plasma as the field decays.

4.4. VT, x V(V?T,) non-local B-field generation

The tests so far have proved that IMPACT correctly recovers classical transport phenomena. We now
introduce a test to verify the code beyond the classical, fluid limit. This test checks whether the code can
correctly model magnetic field generation from a non-uniform temperature profile when Vn, = 0. This is a
non-local effect that arises when f; is allowed to become non-Maxwellian [8]. Under these conditions the
Vn, x VT, mechanism, which is based on classical transport and therefore uses the local approximation,
predicts that no magnetic field would be produced. The equation for the early stages of non-local B-field
generation (in normalised form) is
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Fig. 11. Comparison of exponential B-field decay. The analytical value of w(¢)/w, (solid curve) is shown alongside the code results for
forward (dotted—dashed curve) and centred (dashed curve) differencing of the E0,f; term.
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N = —154.21 VT, x V(V’T,)] (59)
assuming that fo|,_, = fm (at each spatial point), w|,_, = 0, and that the temperature perturbation is small,
ie., 0T(r) < Ty, where T, = Ty + 0T (r). Eq. (59) is valid so long as decay of the temperature profile is
negligible and f; does not deviate far from Maxwellian. e—e collisions and 9,f, are ignored when deriving
(59) from the VFP equations (13) and (14). (Note the sign of Eq. (1) in [8] is wrong and should be —ve as in
(59) here.) This non-local B-field generation mechanism is a higher order effect than the Vn, x VT, source
and is therefore a more stringent test of the code. Also this effect tests that the numerical implementations
of both the f; and f| equations couple together in the correct way. Additionally, testing the code against the
non-local mechanism determines whether the numerical implementation of the f; equation and Ampere’s
law work correctly when f # fy (unlike the previous tests).

To perform the test, we use a large system of size x; x y; = 3000 x 1000, nx = 180, ny = 60, Av = 1/20
and v, = 7. The initial temperature perturbation is plotted in Fig. 12(a) and is described by the equation
0T = 0.0025[1 — tanh{(x — xo())/d}] with xo(y) = (x;/2) + (1/8) cos(ny/y;) and d = x;/6, while T, = 0.5
(which corresponds to v, = 1 with our normalisations) and w|,_, = 0. Other parameters used are 6. = 10-%/2
and At = 5. Central differencing was used in the EQ,f; term. The non-local B-field from IMPACT at t = At
depicted in Fig. 12(b) is larger than the analytical result shown in Fig. 13(a) and there are differences be-
tween the two profiles. The reason for this discrepancy is that the non-local mechanism is not yet fully
resolved numerically and smaller values of Av and Ax, Ay are needed. It turns out that the numerical al-
gorithm yields V x E #£ 0 at ¢t = 0 (shown in Fig. 14) even though fy = fu at this time so that E = —V T,
and @ = —V x E = 0 should ideally be the case initially. Just considering the effect of velocity discretisation
alone, the way the scheme calculates E actually yields E = —{V{n.T>/?> + O(Av)})/{n.T>* + O(Av)} (when
o =0 and fy = fu). In general, elimination of the error terms O(Av) would still not ensure V x E =0
precisely because spatial discretisation means that the identity V x {(Vg*)/g”} = 0 does not quite hold
numerically for an arbitrary 2-D profile g even for uniform grids. Subtracting this ‘systematic’ numerical
error from the raw code result yields a corrected B-field (Fig. 13(b)) that agrees well with the analytical
result. The correction used is Weorr|,_p, = Orawl,_p, + AH(V x E|,_;). Comparison of the figures shows that
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the profile/shape of the corrected, numerical, B-field almost exactly agrees with the solution of Eq. (59) but
the magnitude is overestimated by a factor of 2. The reason why the numerical value is twice the analytical
value stems from the backwards time differencing used in Faraday’s law (51). The non-local mechanism
makes V x E increase linearly with time from zero. Hence using (V x E)"' results in twice the correct
value after the first time step. The backwards time differencing result wpt converges to the exact value wey.
as wpr/we. = (n + 1)/n with increasing time (ignoring errors due to spatial discretisation). Centred time
differencing of Faraday’s law would alleviate this temporal discretisation error. We note that repeating this
test with better numerical resolution should see the systematic, numerical V x E|,_, # 0 error reduce to a
level that is negligible compared to the real physical effect. Then correction of the raw result would be
unnecessary. Alternatively, keeping the resolution used here but making the comparison at a later time
when (i) the physical effect (o< #*) dominates over the numerical error (o #) but (ii) Eq. (59) is still valid
would see better agreement between the raw numerical and exact results.

4.5. Other tests

IMPACT is able to accurately follow the exponential decay of an initial, long wavelength, temperature
perturbation 07, /Ty = 0.01 cos(k,x) when wo = 0.1, x; = 3000, using a very large time step of At = 2000.
(Other parameters are nx = 20, Av = 0.025, vy.x = 6 and Z = 10.) This time step is still smaller than the
characteristic decay time of 7, ~ 9.3 x 10* though. The decay constant obtained from the code is accurate
to within 1% over the duration of the run and the mass and thermal energy in the system are conserved to
better than 0.3 x 107°% and 6 x 107°%, respectively, at ¢ = t.x = 2 x 10°. Initially about 2000 nonlinear
iterations (per time step) are needed for the solution to converge. This drops to about 1500 at the end of the
run. The excellent energy conservation of 6 x 107°%, possible because Ohmic heating is turned off, verifies
that Langdon’s method for making the Fokker—Planck e—e collision operator conserve energy works. The
number of nonlinear iterations per time step can be reduced if less stringent energy conservation is required.
Note that the Rosenbluth coefficients must be updated within the nonlinear iteration for this test. The effect
of e—e collisions on f; is not properly estimated for large Az when the Rosenbluth coefficients are treated
explicitly which manifests itself through gross inaccuracies in transport (e.g., apparent suppression of
thermal conductivity) as well as a loss of energy conservation.

The interplay between the number of nonlinear iterations per time step and A¢ for systems with
Ly, L, > ], where things evolve slowly compared to 7, has been investigated using a test problem similar to
the one above. The only differences are that Ohmic heating is included, Av = 0.1, and the matrix solver and
nonlinear iteration tolerances are relaxed from ~10~!'" and 10~ to 107'° and 10~°. Both Z = 1 and 10 have
been tried. When At exceeds the order of 1 to 107, and the Rosenbluth coefficients are updated within the
nonlinear iteration, a further increase in Az is accompanied by an almost equal increase in the number of
nonlinear iterations required, resulting in a marginal saving in computational effort overall. For example,
when Z = 10, with Ar = 50 it takes 220 s, a total of 797 nonlinear iterations, and a total of 33,920 matrix
solver iterations to reach ¢t = 2000 (totals are accumulated over each time step) while using Ar = 2000 takes
190 s, 596 nonlinear iterations, and 53,959 matrix solver iterations to reach the same time. (See the caption
for Table 1 for a description of the hardware used.) In this case, using Az = 2000 proves to be quicker
because building the matrix is much more ‘expensive’ than solving the matrix equation. Nevertheless, it is
preferable to limit the time step to around 5t so that a more accurate solution can be attained for only
marginally more computational effort. The number of nonlinear iterations is unlikely to change much if a
finer grid is used, or even if the system were 2-D (as long as 7. remains similar), but the relative cost of
calculating matrix coeflicients compared to solving the matrix decreases. This suggests that for expansive
systems (i.e., L7, L, > /) with a large number of grid points in phase space, very large time steps may not
minimize the computational effort. In comparison, for smaller scale systems where non-local effects are
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Table 1

CPU time, memory usage, and average number of nonlinear iterations per time step for a selection of the test runs
Section 4.1 4.2 4.3 44 4.5
Figure 5 and 6 9 11 12 and 13 -
nv, nx, ny 800,24,24 400, 25,25 80, 30,20 140, 180, 60 240,40, 1
nt 1 500 1000 1 100
At 0.1 5 5 5 2000
Matrix solver tolerance 1071 1071 10713 1071 ~10-1
Nonlinear iteration tolerance 10-1 10~ 10-1 10-12 10-1
RB coefficient iterated? Yes No Yes No e—e collision Yes
nd 482,000 262,000 52,100 1,560,000 10,100
Nyparse 19,300,000 10,500,000 2,020,000 61,600,000 244,000
Average nonlinear iterations 3 2 15.7 3 1732
Total CPU time 2.5 min 57 h 24 h 15 min 138 h
Memory usage 580 MB 293 MB 62 MB 1.8 GB 15 MB

These tests were run on a single 2 GHz Pentium 4 Xeon processor of a ‘DELL Precision 530’ workstation with 2 GB of RAM
running Linux. Programs were compiled using the Gnu Fortran 77 compiler. A summary of important run parameters are included.
The dimension of the matrix nd and the number of non-zero elements Nyy,rse are listed to three significant figures. Convergence of the
matrix solver is achieved when ||4 - x — B||,/||B||, < TOL, while nonlinear iteration convergence is achieved when the fractional change
in ||x||, drops below the desired tolerance.

prominent, the time step will need to be small enough to resolve the phenomena of interest and very large
time steps are not appropriate.

We have also tested the e—e collisions in IMPACT by following the collisional relaxation of f; to fu
when initially non-Maxwellian [48]. The results obtained originally in [48] and later refined in [49] were
recovered.

Finally, a similar set up to that used by Kho and Haines [17] to address convection of magnetic field by
heat flowing from the critical surface to the ablation surface has been tried. We find qualitative agreement,
also seeing amplification of the magnetic field injected at the low density edge of the density ramp (where
heating is applied) as it is subsequently convected with the heatflow up the density ramp.

4.6. Run times and memory usage

A list of CPU time, memory usage and the average number of nonlinear iterations required per time step,
for representative runs from each test is given in Table 1. Pertinent run parameters such as the time step, the
number of grid cells in each dimension, convergence tolerances, and whether the Rosenbluth coefficients are
treated explicitly or lagged in the nonlinear iteration, are also given there. A description of the hardware
and convergence tests can be found in the table caption. An important point to note is that all the tests
reported in Table 1 were run using IMPACT’s fast but memory inefficient mode. In this mode, each matrix
element effectively appears twice in memory. Initially they are stored in auxiliary arrays corresponding to G,
H, M, and N in Egs. (52) and (53) as they are calculated. They are then packed into compressed row format
which permits fast matrix multiplication. This later optimisation can be omitted, lowering the memory
overhead by nearly half, but then the matrix row and column indices of each element have to be recal-
culated ‘on the fly’ every time a matrix multiplication operation is required.

5. Discussion

The test results in the previous section show that IMPACT can reproduce classical, transport phe-
nomena. The V7, x V(V?T,) non-local B-field generation test shows that it also works correctly beyond the
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classical limit and can resolve very small perturbations with good accuracy. At present PIC codes with
collisions would not be able to show this effect being unable to enter a sufficiently collisional regime and
being too noisy to resolve the perturbation of the distribution function well enough. Hybrid transport codes
cannot describe this type of non-local B-field generation either because they treat the background medium
non-kinetically. The simulation results presented in [8] show that the code in fact works far beyond the
classical limit; it works in a highly non-local, nonlinear regime where f; becomes strongly distorted by
powerful, localized laser heating. The results of the B-field diffusion and temperature-perturbation decay
tests demonstrate that a large time step can be used.

We find that turning on the electron inertia term 0,f; makes the iterative Bi-CGSTAB (or Bi-CQG)
matrix solver converge to the solution in less iterations therefore increasing the overall speed of the
code. For instance, in the case of the B-field diffusion test-problem inclusion of electron inertia reduces
the total number of matrix solver iterations per time step (summed over the ~22 nonlinear iterations)
from ~700 to 600-650. Under the more extreme conditions considered in [8] electron inertia drastically
reduces the total number of matrix solver iterations (per time step) by a factor of 24 or more. The
reason why electron inertia speeds up the solution of the matrix is that it introduces an advective
character into the system. Without it, propagation of disturbances in f; across the spatial grid is
completely diffusive. Spatial diffusion is extremely rapid for the high velocity part of f, since the ef-
fective diffusion coefficient scales as D, oc v°. Introduction of advection helps to reduce the ‘connectivity’
between distant points on the spatial grid for the high velocity parts of f, which in turn reduces the
number of matrix solver iterations required. When electron-inertia is turned on we find that the scheme
can become unstable if very cold and dense plasmas (i.e., d. > 1) and small system sizes (i.e., a few 4,
long) are used.

We find that the algorithm conserves mass exactly as expected and that energy is conserved to O(Av)
with the Ohmic heating term in the f; equation being the cause of energy non-conservation. Use of the
current constraint together with the implicit treatment of E completely overcomes the problems in main-
taining quasineutrality [16] encountered with previous VFP codes. In terms of transport the scheme is
O(As?) accurate in the spatial cell size and either O(Av) or O(Av?) accurate in the velocity cell size for
centred and forward differencing of the E0,f, term in the f;-equation, respectively. We have shown that in
general changing Av without also changing As in the correct way (or vice versa) will not necessarily improve
the overall accuracy. The temporal accuracy of the scheme varies with physical effect. The local truncation
error for spatial diffusion is O(A¢) while introduction of electron inertia results in spatial advection which is
O(A#?) accurate. Magnetic field growth/decay is O(Af) accurate at present. The tests reported here use
regular grids in x, y and v. Use of an irregular x-grid, for example, would generally be expected to result in a
deterioration of the accuracy of the O(Ax?) parts of the scheme towards O(Ax). But the amount of O(Ax)
error introduced in this case will depend on how abruptly Ax; varies from cell to cell. For smoothly
changing cell size, the extra O(Ax) error should be negligible. Another effect of using an irregular spatial
grid is that, unless care is taken, it can be shown that [V - (V x B)], = [V -j];; # 0 and therefore exact
quasineutrality can be lost.

A key area for future improvement is the Ohmic heating term. This could be made O(Av?) accurate or
differenced to ensure that there is no Ohmic heating when j = 0. Improved preconditioning would reduce
the number of Bi-CGSTAB iterations needed to solve the sparse matrix equation. This would bring 2
benefits, namely reduction of the CPU time needed per time step and a decrease in the build up of
machine rounding errors. Epperlein’s linearisation of the Fokker—Planck collision operator [42] would
enable the scheme to converge in fewer nonlinear iterations when using large times steps but would
introduce a lot of extra non-zero matrix elements. Inclusion of e—e collisions in the f; equation could be
achieved at practically no cost if treated explicitly. Implicit treatment would however mean that f’f“
cannot be eliminated from the FD equation set and hence require reformulation of the sparse matrix plus
increase the number of non-zero matrix elements. Other avenues for improvement are: (1) inclusion of
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more B-field components which would require inclusion of E. and f. too, and (2) adaptation for 2-D
cylindrical »,z geometry.

Though we have neglected the displacement current in this paper, it can easily be added since it does
not change the matrix sparsity pattern. Doing so would mean that 0,z would no longer be identically
zero and departures from strict quasineutrality are permissible. This would probably improve IM-
PACT’s ability to deal with very steep density gradients by allowing debye sheaths to form in these
regions. We note that the addition of displacement current to IMPACT is in progress. Ideally, ion
motion needs to be added since intense laser illumination leads to ion motion near the critical surface
(in long density scalelength plasmas) and deformation of the surface of ionized solid-targets (short
density scalelength, dense plasmas), both of which affect gross electron dynamics. Addition of hydro-
dynamics has been considered in 2-D VFP codes without B-fields before [16]. It should be possible to
include them in IMPACT too. Ionisation dynamics could be important depending on the details of the
system. For an intense laser pulse interacting with an initially unionized, thick (100’s of um thick), high
Z foil target, field ionisation by the laser would be extremely rapid at the surface but collisional
ionisation within the depths of the target would follow (and affect) the penetration of a heat front
through the target. Because transport coefficients depend strongly on the ionisation state, ionisation
dynamics would be important here. Conversely, for a thin target or a low Z plasma, the plasma would
quickly be fully ionized throughout and ionisation dynamics would be unimportant. Ionisation dy-
namics (including recombination) have previously been added to 1-D VFP codes [50] and could in
principle be added to a code like IMPACT.

It should be remembered that IMPACT uses the diffusion approximation whereby f, and higher
orders terms in the expansion of the electron distribution are neglected. The effect of f, (and higher
orders) on the tests presented here would be negligible since the components of the Cartesian tensor
series are ordered as fy ~ ¢ 'f] ~ e72f3, etc., where € = 4,/L, and 4, < L throughout. Investigation of
the effect of f, on transport when B-fields are present and the scalelengths L,, Ly become similar to the
mean-free-path (so that the ordering fy > [f;| > |f2| > --- breaks down) requires inclusion of f, into
IMPACT. We note that inclusion of f, (and higher orders) was previously shown not to substantially
affect heat flow down steep temperature gradients in an unmagnetised plasma [14]. We expect this still
to hold in the magnetised case when Lz the magnetic field scale length is large compared to 4. On the
other hand, strong, short scale length magnetic variations perpendicular to a steep temperature gradient
would tend to laterally separate the hotter electrons travelling down the temperature gradient from the
colder electrons flowing up thus forming filaments. Once this occurs we anticipate that a proper de-
scription of energy transport would require the higher order terms neglected in the diffusion approxi-
mation.

Addition of f, and even higher orders, together with displacement current would extend the code’s
range of applicability into the collisionless regime. When doing this relativistic effects would need to be
included too, but would actually be beneficial since it would restrict the speed of electron propagation to
below the speed of light. We note that we are in the process of developing a complementary 2-D VFP
code [51], designed to a tackle a different regime than IMPACT, that goes a lot of the way towards these
aims: an arbitrary number of spherical harmonics can be used in the expansion of f, it is relativistically
correct, and includes displacement current. In essence, it will have the capabilities of a Vlasov code but
with electron collisions accurately incorporated. It is proving to be adept at dealing with fast electron
transport through solid density plasma, and combines favourable aspects of explicit PIC (fully kinetic)
and hybrid modelling (collisional background plasma) into one package. In contrast to IMPACT this
code is not fully implicit, but rather uses explicit differencing in the spatial directions, which is feasible
since relativistic effects are incorporated. It should be pointed out that IMPACT still remains better
suited to dealing with thermal transport in the presence of steep temperature and density gradients and
magnetic fields, though.
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6. Conclusions

In conclusion, we have described the first 2-D Vlasov—Fokker—Planck code to self-consistently in-
clude magnetic fields. It is designed to model electron transport in the presence of magnetic fields and
magnetic field generation in laser—plasma interactions but may also have application in other areas such
as astrophysical modelling. The code, called IMPACT, has the unique capability of being able to
describe these phenomena with a// electrons being treated kinetically and therefore can access regimes/
conditions where fluid codes (based on classical, transport theory) and hybrid transport codes are not
valid. The code incorporates other innovations in addition to the inclusion of magnetic field. Its unique
differencing scheme treats both the electric field and the distribution function implicitly which makes the
code robust and able operate with a large time step. It also retains electron inertia which improves the
efficiency of the code while increasing the realism of the model at the same time. We have shown that
IMPACT can both accurately describe existing, classical, transport phenomena plus describe new
phenomena based on non-local effects too. Improvements have been identified which will extend the
range of applicability of the code.
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